A FAKE COMPACT CONTRACTIBLE 4-MANIFOLD

SELMAN AKBULUT
Here we construct a fake smooth structure on a compact contractible 4-manifold W 4 , where W 4 is a well-known Mazur manifold obtained by attaching in two-handle to S ι x B 3 along its boundary as in Figure 1 . * Here we use the conventions of [2] .
The results of this paper imply:
Theorem 1. There is a smooth contractible 4-manifold V with dV = d W, such that V is homeomorphic but not diffeomorphic to W relative to the boundary.
Let a be the loop in dW given by S ι x p c S ι x S 2 = d{S ι x B 3 ) as in Figure 2 . Zeeman raised the question whether a is slice in W [12] , i.e., if a bounds an imbedded smooth D 2 in W. Even though it turned out that a is slice in another smooth contractible manifold with the same boundary [2] (i.e., replacing the dots in Figure 2 .) Clearly this diffeomorphism extends to a self-homotopy equivalence of W. In fact, by [9] , / extends to a homeomorphism F: W -• W. In [2, p. 279 were any diffeomorphism extending the identity on the boundary, then F o G would be a diffeomorphism extending /, contradicting the existence of G. In particular, Theorem 1 implies that there is a nontrivial /z-cobordism from F to W rel d. This /z-cobordism will be explicitly discussed in §6. So V is diffeomorphic to W but no such diffeomorphism can extend the identity map on the boundary. We now summarize the proof. We use the conventions ~ forhomotopy equivalence and « for diffeomorphism. The orientation of CP 2 comes from the complex orientation, i.e., it has the intersection form (4-1). CP 2 denotes CP 2 with the opposite orientation. We also use the convention that if M is an oriented manifold, then -M is M with the opposite orientation.
We first construct a compact 1-connected smooth 4-manifold M χ with a homology sphere boundary dM χ = Σ. M χ is even with .signature 16 and has the second betti number b 2 (M χ ) = 22. We also construct two more compact smooth 4-manifolds W χ and Q such that: 
Because this argument is independent of the contractible manifold W 2 which Σ bounds. We conclude that Q cannot be decomposed as V # CP 2 , where V is any contractible manifold. In particular Q and W χ # CP 2 are homeomorphic but not diffeomorphic to each other. We use this in the construction of [1] . An interesting corollary is the following.
Corollary. M χ cannot be diffeomorphic to N#W χ for any compact complex manifold N. This is because
Again contradicting a result of Donaldson in §5, i.e., complex surfaces cannot admit such splitting (since N is complex, so is N#CP 
Construction of Q and M χ
To simplify the steps in our construction, we first construct a diffeomorphism between the boundary of the four-manifold in Figure 3 and the boundary of the manifold in Figure 6 . We accomplish this by first blowing up Figure 3 to Figure 4 , then blowing it up more in a similar way to Figure  5 , and then blowing down the three + l-framed circles (compare [10] ).
We can now start with our main construction. We define Q 4 to be the manifold in Figure In Figure 33 we draw the whole picture; that is we go back to Figure 23 and install Figure 32 into it by recalling; the positions of the 0-and -2-framed handles (notice that the -2-framed handle was the -1-framed handle in Figure 23 ). We call the manifold in Figure 33 
To see the handlebody of M we must turn Q upside down and attach it to M χ . Upside down -Q is obtained by attaching a two-handle to Σ = dQ along a with 0-framing (Figure 8) , and then capping it off with B 4 . Hence M is obtained by attaching M χ (Figure 33 ) a two-handle along the loop a with -1-framing. Then by sliding three two-handles (three loops that are linked to a) over the handle a we get Figure 34 . By consequently sliding -2-framing handles over the -1-framed handles we get Figure 35 and by more handle slides we get Figure 36 . Figure 36 is obviously (3CP 2 )#(20CJP 2 ).
Construction W χ
We attach a two-handle to Σ = dQ as in Figure 37 , then we see that this makes the boundary S ι x S 2 (e.g., blow down + 1-framed unknotted circle). Then attach a three-handle and a four-handle to get a compact manifold -W χ with d{-W ι )=Σ:
Clearly W χ is a contractible manifold. We turn W χ upside down. We do this by turning the three-handle into a one-handle (i.e., 
Donaldson polynomials
In this section we summarize Donaldson's theory of polynomial invariants of four-manifolds, and indicate a calculation of them due to Fintushel and Stern. We follow [4] , [5] , [11] .
Let and let J? k (M, g) be the moduli space of anti-self-dual connections in £B(P), i.e.,
4(M, g) = {[A]e&(P) I *F A = -F A } 9
where F A is the curvature of the connection A. According to [8] 2 , i.e., M is obtain by glueing two four-manifolds along a common homology sphere boundary Σ, then we can pair these invariants and get a homomorphism, as indicated in [3] :
So for example if 2,3,7) ) gives the result [7] .
The manifold M χ of Figure 33 contains Σ(2, 3, 7), since Σ(2, 3, 7) is the boundary of the plumbing:
Hence if W 2 is any contractible manifold with d W 2 -Σ, the homotopy 3,7) . Consequently,
The nontrivial Λ-cobordism and the conclusion
Here we will describe the nontrivial Λ-cobordism Z 5 between W and V rel d and prove some miscellaneous facts. The A-cobordism Z can be described by attaching an algebraically cancelling pair of two-and threehandles to the interior of W: M is obtained by attaching upside down W χ to M. Upside down W χ is obtained by attaching a two-handle to Σ as in Figure 37 , along with a three-handle and a four-handle. Therefore if we ignore three-and four-handles, M is obtained by attaching a two-handle to M χ along h(δ), where h is the diffeomorphism between the boundaries of Q (Figure 7 ) and M χ (Figure 33) , where δ is the -hl-framed loop in Figure 60 is the picture of D 2 ^ CPQ (in particular, the picture of K c S 3 ). Figure  61 is the two-fold branched cover of CPQ , which is W. 
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